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$EVWUDFW
7KH SDSHU VWXGLHV KRZ DUJXPHQWV FDQ EH HYDO XDWHG LQ 
ZHLJKWHG ELSRODU DUJXPHQWDWLRQ JUDSKV LH JUDSKV 
ZKRVH DUJXPHQWV KDYH EDVLF ZHLJKWV DQG PD\ EH VXSSRUWHG 
DQG DWWDFNHG ,W LQWURGXFHV SULQFLSOHV WKDW DQ HYDOXDWLRQ 
PHWKRG RU VHPDQWLFV ZRXOG VDWLVI\ DQDO\]HV H[LVWLQJ 
VHPDQWLFV ZLWK UH VSHFW WR WKHP DQG ILQDOO\ SURSRVHV D QHZ 
VHPDQWLFV IRU WKH FODVV RI QRQPD[LPDO DF\FOLF JUDSKV
 ,QWURGXFWLRQ
$UJXPHQWDWLRQ LV D IRUP RI FRPPRQVHQVH UHDVRQLQJ ZKLFK
FRQVLVWV RI MXVWLI\LQJ FODLPV E\ DUJXPHQWV 7KH ODWWHU KDYH
JHQHUDOO\ EDVLF VWUHQJWKV DQG PD\ EH ERWK DWWDFNHG DQG VXS
SRUWHG E\ RWKHU DUJXPHQWV OHDGLQJ WR WKH VRFDOOHG ZHLJKWHG
ELSRODU DUJXPHQWDWLRQ JUDSKV
7ZR IDPLOLHV RI VHPDQWLFV ZHUH SURSRVHG LQ WKH OLWHUD
WXUH IRU WKH HYDOXDWLRQ RI DUJXPHQWV LQ VXFK JUDSKV H[
WHQVLRQ VHPDQWLFV >&D\URO DQG /DJDVTXLH6FKLH[ E
2UHQ DQG 1RUPDQ  %UHZND DQG :ROWUDQ  %RHOOD
HW DO  1RXLRXD DQG 5LVFK @ DQG JUDGXDO VH
PDQWLFV >&D\URO DQG /DJDVTXLH6FKLH[ D (YULSLGRX
DQG 7RQL  %DURQL HW DO  5DJR HW DO 
3D]LHQ]D HW DO @ 7KH IRUPHU HYDOXDWH PDLQO\ VHWV RI
DUJXPHQWV H[WHQGLQJ 'XQJ¶V  VHPDQWLFV ZKLOH WKH ODW
WHU IRFXV RQ LQGLYLGXDO DUJXPHQWV
7KLV SDSHU H[WHQGV RXU SUHYLRXV ZRUNV RQ D[LRPDWLF IRXQ
GDWLRQV RI VHPDQWLFV IRU XQLSRODU JUDSKV VXSSRUW JUDSKV>$PJRXG DQG %HQ1DLP E@ DQG DWWDFN JUDSKV >$PJRXG
DQG %HQ1DLP D@ ,W GHILQHV SULQFLSOHV WKDW D VHPDQWLFV
ZRXOG VDWLVI\ LQ D ELSRODU VHWWLQJ 6XFK SULQFLSOHV DUH XVHIXO
IRU GHILQLQJ UHDVRQDEOH VHPDQWLFV IRU D EHWWHU XQGHUVWDQGLQJ
RI WKH GHVLJQ FKRLFHV RU IRXQGDWLRQV RI HDFK VHPDQWLFV DQG
IRU FRPSDULQJ SDLUV RI VHPDQWLFV $V D VHFRQG FRQWULEXWLRQ
WKH SDSHU DQDO\]HV H[LVWLQJ VHPDQWLFV DJDLQVW WKH SULQFLSOHV
7KH PDLQ FRQFOXVLRQ LV WKDW H[WHQVLRQ VHPDQWLFV GR QRW KDU
QHVV WKH SRWHQWLDO RI VXSSRUW UHODWLRQV )RU LQVWDQFH ZKHQ
WKHUH LV QR DWWDFN LQ D JUDSK WKH H[LVWLQJ VHPDQWLFV GHFODUH DOO
VXSSRUWHG QRQVXSSRUWHG DUJXPHQWV RI WKH JUDSK DV HTXDOO\
7KLV LV DQ DEULGJHG YHUVLRQ RI D SDSHU WLWOHG ³(YDOXDWLRQ RI DU
JXPHQWV RQ ZHLJKWHG ELSRODU JUDSKV´ ZKLFK ZRQ D EHVWSDSHU DZDUG
DW (&64$58 FRQIHUHQFH
VWURQJ *UDGXDO VHPDQWLFV WDNH LQWR DFFRXQW VXSSRUWHUV LQ
WKLV SDUWLFXODU FDVH KRZHYHU WKH\ YLRODWH VRPH NH\ SULQFL
SOHV 7KH WKLUG FRQWULEXWLRQ RI WKH SDSHU LV WKH GHILQLWLRQ RI
D QRYHO JUDGXDO VHPDQWLFV IRU WKH VXEFODVV RI QRQPD[LPDO
DF\FOLF ELSRODU JUDSKV :H VKRZ WKDW LW VDWLVILHV DOO WKH SUR
SRVHG SULQFLSOHV )XUWKHUPRUH LW DYRLGV D ELJ MXPS SUREOHP
WKDW PD\ LPSHGH WKH UHOHYDQFH RI H[LVWLQJ JUDGXDO VHPDQWLFV
LQ VRPH SUDFWLFDO DSSOLFDWLRQV
 %DVLF &RQFHSWV
/HW XV QRZ LQWURGXFH ZHLJKWHG ELSRODU DUJXPHQWDWLRQ JUDSKV
'HILQLWLRQ  $ ZHLJKWHG ELSRODU DUJXPHQWDWLRQ JUDSK LV D
TXDGUXSOHA = 〈A, w,R,S〉 ZKHUH A LV D ILQLWH VHW RI DUJX
PHQWVw D IXQFWLRQ IURPA WR [0, 1]R ⊆ A×A S ⊆ A×A
/HW WAG GHQRWH WKH VHW RI DOO VXFK JUDSKV
*LYHQ WZR DUJXPHQWV a DQG b aRb UHVS aSb PHDQV a DW
WDFNV UHVS VXSSRUWV b DQG w(a) LV WKH LQWULQVLF VWUHQJWK RI
a 7KH ODWWHU PD\ EH WKH FHUWDLQW\ GHJUHH RI WKH DUJXPHQW¶V
SUHPLVHV WUXVWZRUWKLQHVV RI WKH DUJXPHQW¶V VRXUFH . . .
$ VHPDQWLFV LV D IXQFWLRQ DVVLJQLQJ DQ RYHUDOO VWUHQJWK
IURP WKH XQLW LQWHUYDO [0, 1] WR HDFK DUJXPHQW RI D ZHLJKWHG
ELSRODU JUDSK $UJXPHQWV WKDW JHW YDOXH  DUH H[WUHPHO\
VWURQJ ZKLOVW WKRVH WKDW JHW YDOXH  DUH ZRUWKOHVV
'HILQLWLRQ  $ VHPDQWLFV LV D IXQFWLRQ S WUDQVIRUPLQJ DQ\A
 〈A, w,R,S〉 ∈ WAG LQWR D IXQFWLRQ DegS
A
IURP A WR [0, 1]
)RU a ∈ A DegS
A
(a) LV WKH RYHUDOO VWUHQJWK RI a
/HW XV UHFDOO WKH QRWLRQ RI LVRPRUSKLVP EHWZHHQ JUDSKV
'HILQLWLRQ  /HW A  〈A, w,R,S〉 A′  〈A′, w′,R′,S ′〉 ∈
WAG $Q LVRPRUSKLVP IURP A WR A′ LV D ELMHFWLYH IXQFWLRQ
f IURP A WR A′ VXFK WKDW L ∀ a ∈ A w(a) = w′(f(a))
LL ∀ a, b ∈ A aRb LII f(a)R′f(b) LLL ∀ a, b ∈ A aSb LII
f(a)S ′f(b)
1RWDWLRQV /HW A = 〈A, w,R,S〉 ∈ WAG DQG a ∈ A
AttA(a) = {b ∈ A | bRa} DQG sAttA(a) = {b ∈
AttA(a) | DegSA(b) 6= 0} 6LPLODUO\ SuppA(a) = {b ∈
A | bSa} DQG sSupp
A





0} /HW A′ = 〈A′, w′,R′,S ′〉 ∈ WAG VXFK WKDW A ∩ A′ = ∅
/HW A ⊕ A′ EH 〈A′′, w′′,R′′,S ′′〉 ∈ WAG VXFK WKDW A′′ =
A∪A′R′′ = R∪R′ S ′′ = S ∪S ′ ∀x ∈ A′′ WKH IROORZLQJ
KROGV w′′(x) = w(x) LI x ∈ A w′′(x) = w′(x) LI x ∈ A′
:HLJKWHG %LSRODU $UJXPHQWDWLRQ *UDSKV $[LRPV DQG 6HPDQWLFV
/HLOD $PJRXG DQG -RQDWKDQ %HQ1DLP
&156  ,5,7 )UDQFH
DPJRXG#LULWIU EHQQDLP#LULWIU
 3ULQFLSOHV IRU 6HPDQWLFV
,Q ZKDW IROORZV ZH SURSRVH SULQFLSOHV WKDW VKHG OLJKW RQ
IRXQGDWLRQDO SURSHUWLHV EHKLQG VHPDQWLFV ,Q RWKHU ZRUGV
SURSHUWLHV WKDW KHOS XV WR EHWWHU XQGHUVWDQG WKH XQGHUSLQQLQJV
RI VHPDQWLFV DQG WKDW IDFLOLWDWH WKHLU FRPSDULVRQV 7KH ILUVW
QLQH SULQFLSOHV DUH VLPSOH FRPELQDWLRQV RI SURSHUWLHV SUR
SRVHG IRU JUDSKV ZLWK RQO\ RQH W\SH RI LQWHUDFWLRQV VXSSRUW
LQ >$PJRXG DQG %HQ1DLP E@ DQG DWWDFN LQ >$PJRXG
DQG %HQ1DLP D@ 7KH WKUHH ODVW SULQFLSOHV DUH QHZ
7KH ILUVW EDVLF SULQFLSOH $QRQ\PLW\ VWDWHV WKDW WKH GHJUHH
RI DQ DUJXPHQW LV LQGHSHQGHQW RI LWV LGHQWLW\
3ULQFLSOH  $QRQ\PLW\ 6HPDQWLFV S VDWLVILHV DQRQ\PLW\
LII IRU DOO A = 〈A, w,R,S〉 A′ = 〈A′, w′,R′,S ′〉 ∈ WAG
IRU DQ\ LVRPRUSKLVP f IURP A WR A′ WKH IROORZLQJ SURSHUW\





%LYDULDWH LQGHSHQGHQFH SULQFLSOH VWDWHV WKH IROORZLQJ WKH
RYHUDOO VWUHQJWK RI DQ DUJXPHQW a VKRXOG EH LQGHSHQGHQW RI
DQ\ DUJXPHQW b WKDW LV QRW FRQQHFWHG WR LW LH WKHUH LV QR
SDWK IURP b WR a LJQRULQJ WKH GLUHFWLRQ RI WKH HGJHV
3ULQFLSOH  %LYDULDWH ,QGHSHQGHQFH 6HPDQWLFV S VDWLV
ILHV ELYDULDWH LQGHSHQGHQFH LII IRU DOO A = 〈A, w,R,S〉
A
′ = 〈A′, w′,R′,S ′〉 ∈ WAG VXFK WKDW A ∩ A′ = ∅ WKH IRO





%LYDULDWH GLUHFWLRQDOLW\ SULQFLSOH VWDWHV WKDW WKH RYHUDOO
VWUHQJWK RI DQ DUJXPHQW VKRXOG GHSHQG RQO\ RQ LWV LQFRPLQJ
DUURZV DQG QRW RQ WKH DUJXPHQWV LW LWVHOI DWWDFNV RU VXSSRUWV
3ULQFLSOH  %LYDULDWH 'LUHFWLRQDOLW\ 6HPDQWLFV S VDWLV
ILHV ELYDULDWH GLUHFWLRQDOLW\ LII IRU DOO A = 〈A, w,R,S〉
A
′ = 〈A′, w′,R′,S ′〉 ∈ WAG VXFK WKDW A = A′ w = w′
R ⊆ R′ DQG S ⊆ S ′ WKH IROORZLQJ KROGV IRU DOO a, b, x ∈ A
LI R′ ∪ S ′ = R ∪ S ∪ {(a, b)} DQG WKHUH LV QR SDWK IURP b




(x). $ SDWK FDQ PL[ DWWDFN DQG
VXSSRUW UHODWLRQV EXW WKH HGJHV PXVW EH GLUHFWHG IURP b WR x
%LYDULDWH HTXLYDOHQFH SULQFLSOH HQVXUHV WKDW WKH RYHUDOO
VWUHQJWK RI DQ DUJXPHQW GHSHQGV RQO\ RQ LWV EDVLF VWUHQJWK
DQG WKH RYHUDOO VWUHQJWKV RI LWV DWWDFNHUV DQG VXSSRUWHUV
3ULQFLSOH  %LYDULDWH (TXLYDOHQFH 6HPDQWLFV S VDWLVILHV
ELYDULDWH HTXLYDOHQFH LII IRU DQ\ A = 〈A, w,R,S〉 ∈ WAG
IRU DOO a, b ∈ A LI
• w(a) = w(b)
• WKHUH H[LVWV D ELMHFWLYH IXQFWLRQ f IURP AttA(a) WR
AttA(b) VW ∀x ∈ AttA(a) DegSA(x) = DegSA(f(x))

















6WDELOLW\ SULQFLSOH VWDWHV WKH IROORZLQJ LI DQ DUJXPHQW LV
QHLWKHU DWWDFNHG QRU VXSSRUWHG LWV RYHUDOO VWUHQJWK VKRXOG EH
HTXDO WR LWV LQWULQVLF VWUHQJWK
3ULQFLSOH  6WDELOLW\ 6HPDQWLFV S VDWLVILHV VWDELOLW\ LII IRU
DQ\A = 〈A w R S〉 ∈ WAG IRU DQ\ a ∈ A LI AttA(a) =
Supp
A
(a) = ∅ WKHQ DegS
A
(a) = w(a)
1HXWUDOLW\ SULQFLSOH VWDWHV WKDW ZRUWKOHVV DWWDFNHUV DQG
ZRUWKOHVV VXSSRUWHUV KDYH QR HIIHFW RQ WKHLU WDUJHWV
3ULQFLSOH  1HXWUDOLW\ 6HPDQWLFV S VDWLVILHV QHXWUDOLW\ LII
IRU DQ\A  〈A w R S〉 ∈ WAG IRU DOO a b x ∈ A LI
• w(a) = w(b)














,I DQ DUJXPHQW a LV HTXDOO\ RU OHVV DWWDFNHG WKDQ DQ DUJX
PHQW b DQG HTXDOO\ RU PRUH VXSSRUWHG WKDQ b WKHQ %LYDULDWH
0RQRWRQ\ HQVXUHV WKDW a VKRXOG EH DW OHDVW DV VWURQJ DV b
3ULQFLSOH  %LYDULDWH 0RQRWRQ\ 6HPDQWLFV S VDWLVILHV
ELYDULDWH PRQRWRQ\ LII IRU DQ\ A = 〈A, w,R,S〉 ∈ WAG
IRU DOO a, b ∈ A VXFK WKDW
• w(a) = w(b)














(a) > 0 DQG sAttA(a) ⊂ sAttA(b)) RU
(DegS
A










%LYDULDWH 5HLQIRUFHPHQW SULQFLSOH FRQFHUQV WKH TXDOLW\ RI
DWWDFNHUV DQG VXSSRUWHUV ,W VWDWHV WKDW DQ\ DUJXPHQW EHFRPHV
VWURQJHU LI WKH TXDOLW\ RI LWV DWWDFNHUV LV UHGXFHG DQG WKH TXDO
LW\ RI LWV VXSSRUWHUV LV LQFUHDVHG
3ULQFLSOH  %LYDULDWH 5HLQIRUFHPHQW 6HPDQWLFV S VDWLV
ILHV ELYDULDWH UHLQIRUFHPHQW LII IRU DQ\A = 〈A, w,R,S〉 ∈
WAG IRU DOO C,C′ ⊆ A IRU DOO a, b ∈ A IRU DOO x, x′, y, y′ ∈
A \ (C ∪ C′) VXFK WKDW
• w(a) = w(b)
• AttA(a) = C ∪ {x} AttA(b) = C ∪ {y}
• Supp
A
(a) = C′ ∪ {x′} Supp
A



































2XU QH[W SULQFLSOH LV QRW PDQGDWRU\ ,WV VXLWDELOLW\ GHSHQGV
RQ WKH QDWXUH RI DUJXPHQWV RSLQLRQEDVHG DQDORJLFDO HWF
,W FRPELQHV ,PSHUIHFWLRQ SURSHUW\ IURP >$PJRXG DQG %HQ
1DLP E@ ZLWK 5HVLOLHQFH RQH IURP >$PJRXG DQG %HQ
1DLP D@ ,PSHUIHFWLRQ VWDWHV WKDW DQ DUJXPHQW ZKRVH
EDVLF VWUHQJWK LV OHVV WKDQ  FDQQRW EH IXOO\ UHKDELOLWDWHG E\
VXSSRUWV 7KLV SURSHUW\ SUHYHQWV LUUDWLRQDO EHKDYLRUV OLNH
IXOO\ DFFHSWLQJ IDOODFLRXV DUJXPHQWV WKDW DUH VXSSRUWHG 5H
VLOLHQFH VWDWHV WKDW DQ DUJXPHQW ZKRVH EDVLF VWUHQJWK LV SRVL
WLYH FDQQRW EH FRPSOHWHO\ GHVWUR\HG E\ DWWDFNV
Proceedings of the Twenty-Seventh International Joint Conference on Artificial Intelligence (IJCAI-18)
3ULQFLSOH  5HVLOLHQFH 6HPDQWLFV S VDWLVILHV UHVLOLHQFH LII
IRU DQ\A = 〈A, w,R,S〉 ∈ WAG IRU DOO a ∈ A
LI 0 < w(a) < 1, WKHQ 0 < DegS
A
(a) < 1.
7KH QH[W SULQFLSOHV DUH QHZ DQG DQVZHU WKH TXHVWLRQ KRZ
WKH RYHUDOO VWUHQJWKV RI DWWDFNHUV VKRXOG EH DJJUHJDWHG ZLWK
WKRVH RI VXSSRUWHUV" 7R DQVZHU WKLV TXHVWLRQ LW LV LPSRUWDQW
WR VSHFLI\ ZKLFK RI WKH WZR W\SHV RI LQWHUDFWLRQV LV PRUH LP
SRUWDQW :H DUJXH WKDW D VXSSRUW LV ZHDNHU WKDQ DQ DWWDFN VLQFH
DQ DWWDFN LV VXIILFLHQW IRU ZHDNHQLQJ D ZKROH DUJXPHQW ZKLOH
D VXSSRUW PD\ RQO\ VWUHQJWKHQ D SDUW RI LW +HQFH LQ ZKDW
IROORZV ZH FRQVLGHU WKH FDVH ZKHUH DQ DWWDFN LV PRUH LPSRU
WDQW WKDQ D VXSSRUW )UDQNOLQ SULQFLSOH DQG WKH FDVH ZKHUH
ERWK UHODWLRQV DUH HTXDOO\ LPSRUWDQW 6WULFW )UDQNOLQ SULQFL
SOH 7KH ODWWHU HQVXUHV WKDW DQ DWWDFNHU DQG D VXSSRUWHU RI
HTXDO VWUHQJWK FRXQWHUEDODQFH HDFK RWKHU 7KLV SULQFLSOH LV
VXLWDEOH LQ PXOWLSOH FULWHULD GHFLVLRQ PDNLQJ FRQWH[WV
3ULQFLSOH  )UDQNOLQ $ VHPDQWLFV S VDWLVILHV IUDQNOLQ LII
IRU DQ\A  〈A w R S〉 ∈ WAG IRU DOO a b x y ∈ A LI
• w(a) = w(b)






















3URSRVLWLRQ  /HW S EH D VHPDQWLFV WKDW VDWLVILHV %LYDULDWH
,QGHSHQGHQFH %LYDULDWH 'LUHFWLRQDOLW\ 6WDELOLW\ DQG 6WULFW
)UDQNOLQ )RU DQ\A  〈A, w,R,S〉 ∈ WAG IRU DQ\ a ∈ A LI
WKHUH H[LVWV D ELMHFWLYH IXQFWLRQ f IURP AttA(a) WR SuppA(a)VXFK WKDW IRU DQ\ x ∈ AttA(a) DegSA(x)  DegSA(f(x))WKHQ DegS
A
(a) = w(a)
:HDNHQLQJ VWDWHV WKDW LI WKH DWWDFNHUV RI DQ DUJXPHQW RYHU
FRPH LWV VXSSRUWHUV WKH DUJXPHQW ORRVHV ZHLJKW 7KH LGHD LV
WKDW VXSSRUWHUV DUH QRW VXIILFLHQW IRU FRXQWHUEDODQFLQJ DWWDFN
HUV KRZHYHU WKH\ PD\ PLWLJDWH WKH JOREDO ORVV GXH WR DWWDFNV
3ULQFLSOH  :HDNHQLQJ 6HPDQWLFV S VDWLVILHV ZHDNHQLQJ
LII IRU DQ\ A = 〈A w R S〉 ∈ WAG IRU DQ\ a ∈ A
LI w(a) > 0 DQG WKHUH H[LVWV DQ LQMHFWLYH IXQFWLRQ f IURP
Supp
A
(a) WR AttA(a) VXFK WKDW







• sAttA(a) \ {f(x) | x ∈ SuppA(a)} 6= ∅ RU
∃x ∈ Supp
A








6WUHQJWKHQLQJ VWDWHV WKDW LI WKH VXSSRUWHUV RI DQ DUJXPHQW
RYHUFRPH LWV DWWDFNHUV WKH DUJXPHQW JDLQV ZHLJKW ,QGHHG
DWWDFNV DUH QRW VXIILFLHQW IRU FRXQWHUEDODQFLQJ VXSSRUWV KRZ
HYHU WKH\ PD\ PLWLJDWH WKH JOREDO JDLQ GXH WR VXSSRUWV
3ULQFLSOH  6WUHQJWKHQLQJ 6HPDQWLFV S VDWLVILHV
VWUHQJWKHQLQJ LII IRU DQ\ A = 〈A, w,R,S〉 ∈ WAG
IRU DQ\ a ∈ A LI w(a) < 1 DQG WKHUH H[LVWV DQ LQMHFWLYH
IXQFWLRQ f IURP AttA(a) WR SuppA(a) VXFK WKDW
• ∀x ∈ AttA(a) DegSA(x) ≤ DegSA(f(x)) DQG
• sSupp
A
(a) \ {f(x) | x ∈ AttA(a)} 6= ∅ RU




%LYDULDWH 0RQRWRQ\ IROORZV IURP ILYH RWKHU SULQFLSOHV
3URSRVLWLRQ  ,I D VHPDQWLFV VDWLVILHV %LYDULDWH ,QGHSHQ
GHQFH %LYDULDWH 'LUHFWLRQDOLW\ 6WDELOLW\ 1HXWUDOLW\ DQG %L
YDULDWH 5HLQIRUFHPHQW WKHQ LW VDWLVILHV %LYDULDWH 0RQRWRQ\
3URSRVLWLRQ  7KH SULQFLSOHV FDQ EH VDWLVILHG DOO WRJHWKHU
 )RUPDO $QDO\VLV RI ([LVWLQJ 6HPDQWLFV
7KHUH DUH WZR IDPLOLHV RI VHPDQWLFV LQ FDVH RI ELSRODU
DUJXPHQWDWLRQ JUDSKV H[WHQVLRQ VHPDQWLFV >&D\URO DQG
/DJDVTXLH6FKLH[ E 2UHQ DQG 1RUPDQ  %UHZND
DQG :ROWUDQ  %RHOOD HW DO  1RXLRXD DQG 5LVFK
@ DQG JUDGXDO VHPDQWLFV >&D\URO DQG /DJDVTXLH6FKLH[
D %DURQL HW DO  5DJR HW DO @
([WHQVLRQ VHPDQWLFV H[WHQG 'XQJ¶V  RQHV IRU DFFRXQW
LQJ IRU VXSSRUWV EHWZHHQ DUJXPHQWV 7KH\ WDNH DV LQSXW
DQ DUJXPHQWDWLRQ JUDSK 〈A, w,R,S〉 ZKRVH DUJXPHQWV KDYH
DOO WKH VDPH LQWULQVLF VWUHQJWK DQG UHWXUQ VHWV RI DUJXPHQWV
FDOOHG H[WHQVLRQV )URP WKH H[WHQVLRQV D WKUHHYDOXHG TXDO
LWDWLYH GHJUHH LV DVVLJQHG WR HYHU\ DUJXPHQW ,QGHHG DQ DU
JXPHQW LV DFFHSWHG LI LW EHORQJV WR DOO H[WHQVLRQV XQGHFLGHG
RU FUHGXORXVO\ DFFHSWHG LI LW EHORQJV WR VRPH EXW QRW DOO H[
WHQVLRQV DQG UHMHFWHG LI LW GRHV QRW EHORQJ WR DQ\ H[WHQVLRQ
:KHQ WKH VXSSRUW UHODWLRQ LV HPSW\ WKH VHPDQWLFV SURSRVHG
LQ >&D\URO DQG /DJDVTXLH6FKLH[ E 2UHQ DQG 1RU
PDQ  %UHZND DQG :ROWUDQ  %RHOOD HW DO 
1RXLRXD DQG 5LVFK @ FRLQFLGH ZLWK 'XQJ¶V RQHV 7KXV
WKH\ YLRODWH WKH SULQFLSOHV WKDW DUH YLRODWHG E\ 'XQJ¶V VH
PDQWLFV VHH >$PJRXG DQG %HQ1DLP D@ IRU D GH
WDLOHG DQDO\VLV RI 'XQJ¶V VHPDQWLFV )RU LQVWDQFH VWDEOH VH
PDQWLFV YLRODWHV %LYDULDWH ,QGHSHQGHQFH %LYDULDWH (TXLY
DOHQFH 6WDELOLW\ 5HVLOLHQFH DQG 6WULFW 0RQRWRQ\ :KHQ
WKH DWWDFN UHODWLRQ LV HPSW\ WKH DSSURDFKHV IURP >&D\
URO DQG /DJDVTXLH6FKLH[ E 2UHQ DQG 1RUPDQ 
%RHOOD HW DO @ UHWXUQ D VLQJOH H[WHQVLRQ ZKLFK FRQWDLQV
DOO WKH DUJXPHQWV RI WKH JUDSK DW KDQG 7KXV DOO DUJXPHQWV
DUH HTXDOO\ DFFHSWHG 7KLV VKRZV WKDW WKH VXSSRUW UHODWLRQ
GRHV QRW SOD\ DQ\ UROH DQG D VXSSRUWHG DUJXPHQW LV DV VWURQJ
DV D QRQVXSSRUWHG RQH )RUPDOO\ WKHVH DSSURDFKHV YLRODWH
VWUHQJWKHQLQJ SULQFLSOHV ZKLFK FDSWXUH WKH UROH RI VXSSRUWV
7KH DSSURDFKHV GHYHORSHG LQ >%UHZND DQG :ROWUDQ 
1RXLRXD DQG 5LVFK @ DOVR UHWXUQ D VLQJOH H[WHQVLRQ ZKHQ
WKH DWWDFN UHODWLRQ LV HPSW\ ,Q FDVH RI DF\FOLF JUDSKV WKH H[
WHQVLRQ LV WKH VHW RI DOO DUJXPHQWV 7KXV WKHVH DSSURDFKHV YL
RODWH VWUHQJWKHQLQJ DQG WKH VXSSRUW UHODWLRQ PD\ QRW EH IXOO\
H[SORLWHG LQ WKH HYDOXDWLRQ RI DUJXPHQWV
*UDGXDO VHPDQWLFV ZHUH LQWURGXFHG IRU WKH ILUVW WLPH LQ>&D\URO DQG /DJDVTXLH6FKLH[ D@ 7KH DXWKRUV SUH
VHQWHG VRPH SURSHUWLHV WKDW VXFK VHPDQWLFV VKRXOG VDWLVI\
OLNH D SDUWLFXODU FDVH RI VWUHQJWKHQLQJ +RZHYHU WKH\ GLG
QRW GHILQH FRQFUHWH VHPDQWLFV 7R WKH EHVW RI RXU NQRZOHGJH
WKH ILUVW JUDGXDO VHPDQWLFV ZDV SURSRVHG LQ >(YULSLGRX DQG
7RQL @ ,W ZDV H[WHQGHG WR 4X$' LQ >%DURQL HW DO @
IRU HYDOXDWLQJ DUJXPHQWV LQ DF\FOLF JUDSKV
'HILQLWLRQ  /HW A = 〈A, w,R,S〉 ∈ WAG A LV DF\FOLF LII
WKH IROORZLQJ KROGV IRU DQ\ QRQHPSW\ ILQLWH VHTXHQFH a =
〈a1, a2, . . . , an〉 RI HOHPHQWV RI A LI ∀i ∈ {1, 2, . . . , n − 1}
〈ai, ai+1〉 ∈ R ∪ S WKHQ 〈an, a1〉 6∈ R ∪ S
:H GHILQH QH[W UHVWULFWHG VHPDQWLFV $OO SULQFLSOHV IRU VH
PDQWLFV DUH VWUDLJKWIRUZDUGO\ DGDSWHG WR UHVWULFWHG VHPDQWLFV
'HILQLWLRQ  $ UHVWULFWHG VHPDQWLFV LV D IXQFWLRQ S WUDQV
IRUPLQJ DQ\ DF\FOLFA = 〈A, w,R,S〉 ∈ WAG LQWR D IXQFWLRQ
DegS
A
IURP A WR [0, 1]
4X$' LV D UHVWULFWHG VHPDQWLFV DVVLJQLQJ D QXPHULFDO YDOXH
WR HYHU\ DUJXPHQW RQ WKH EDVLV RI LWV LQWULQVLF VWUHQJWK DQG WKH
RYHUDOO VWUHQJWKV RI LWV DWWDFNHUV DQG VXSSRUWHUV ,W HYDOXDWHV
GLIIHUHQWO\ VXSSRUWHUV DQG DWWDFNHUV EHIRUH DJJUHJDWLQJ WKHP
3URSRVLWLRQ  4X$' YLRODWHV 6WULFW 0RQRWRQ\ 6WULFW 5H
LQIRUFHPHQW 5HVLOLHQFH 6WULFW )UDQNOLQ :HDNHQLQJ DQG
6WUHQJWKHQLQJ ,W VDWLVILHV DOO WKH UHPDLQLQJ SULQFLSOHV
$V D FRQVHTXHQFH RI YLRODWLQJ :HDNHQLQJ DQG 6WUHQJWK
HQLQJ 4X$' PD\ EHKDYH LUUDWLRQDOO\ &RQVLGHU D ZHLJKWHG
ELSRODU JUDSK ZKHUH A = {a, b1, b2, b3} w(b1) = w(b2) =






(b2) = 0.8 DQG DQ DGGLWLRQDO DWWDFNHU
b3 ,I w(a) = 0.2 WKHQ DegSA(a) = 0.422 PHDQLQJ WKDW WKHVLQJOH VXSSRUWHU LV SULYLOHJHG WR WKH WZR DWWDFNHUV +RZHYHU
LI w(a) = 0.7 DegS
A
(a) = 0.477 PHDQLQJ WKDW DWWDFNV DUH
SULYLOHJHG WR VXSSRUW 0RUH JHQHUDOO\ ZH FDQ VKRZ WKDW LI
w(a) ≥ 0.5 WKHQ DegS
A
(a) < w(a) HOVH DegS
A
(a) > w(a)
+HQFH FKRRVLQJ ZKLFK RI VXSSRUW DQG DWWDFN VKRXOG WDNH
SUHFHGHQFH GHSHQGV RQ WKH LQWULQVLF VWUHQJWK RI DQ DUJXPHQW
4X$' ZDV UHFHQWO\ H[WHQGHG WR WKH UHVWULFWHG VHPDQWLFV
')4X$' LQ >5DJR HW DO @ 8QOLNH 4X$' LW XVHV WKH
VDPH IXQFWLRQ IRU DJJUHJDWLQJ VXSSRUWHUV DQG DWWDFNHUV VHSD
UDWHO\ ,W VDWLVILHV 6WULFW )UDQNOLQ D[LRP WKXV LW WUHDWV HTXDOO\
DWWDFNV DQG VXSSRUWV ,W YLRODWHV 6WUHQJWKHQLQJ DQG :HDNHQ
LQJ LQ SUHVHQFH RI DWWDFNHUVVXSSRUWHUV RI GHJUHH  +RZHYHU
WKH VHPDQWLFV DYRLGV WKH LUUDWLRQDO EHKDYLRU RI 4X$'
3URSRVLWLRQ  ')4X$' YLRODWHV 6WULFW 0RQRWRQ\ 6WULFW
5HLQIRUFHPHQW 5HVLOLHQFH :HDNHQLQJ DQG 6WUHQJWKHQLQJ ,W
VDWLVILHV DOO WKH UHPDLQLQJ SULQFLSOHV
%RWK 4X$' ')4X$' VXIIHU IURP D ELJ MXPS SUREOHP
&RQVLGHU WKH JUDSK GHSLFWHG LQ )LJXUH  )RU x EHLQJ 4X$'
RU ')4X$' Degx
A
(i) = 0.991 1RWH WKDW WKH YDOXH RI i
PDNHV D ELJ MXPS IURP  WR  DQG i EHFRPHV HYHQ
VWURQJHU WKDQ LWV VXSSRUWHU j 7KHUH DUH WZR LVVXHV ZLWK VXFK
MXPS )LUVW WKH JDLQ LV HQRUPRXV $VVXPH WKDW i LV D IDO
ODFLRXV DUJXPHQW 7KH VXSSRUWHU PD\ LQFUHDVH VOLJKWO\ LWV
VWUHQJWK EXW FDQQRW IXOO\ UHKDELOLWDWH LW 6HFRQG VXFK MXPS
LPSHGHV WKH GLVFULPLQDWLRQ EHWZHHQ GLIIHUHQW FDVHV ZKHUH
w(i) > 0.1 VLQFH ZKDWHYHU WKH YDOXH RI w(i) WKH RYHUDOO
VWUHQJWK LV DOPRVW 
 (XOHUEDVHG *UDGHG 6HPDQWLFV
:H KDYH VHHQ WKDW QR H[LVWLQJ VHPDQWLFV VDWLVILHV DOO RXU SULQ
FLSOHV :H GHILQH D QRYHO UHVWULFWHG VHPDQWLFV VDWLVI\LQJ WKHP
DOO IRU WKH VXEFODVV RI DF\FOLF QRQPD[LPDO JUDSKV :LWKRXW
ORVV RI JHQHUDOLW\ WKH EDVLF VWUHQJWKV RI DUJXPHQWV DUH FRQ
VLGHUHG OHVV WKDQ  1RWH WKDW IHZ DUJXPHQWV DUH LQWULQVLFDOO\
SHUIHFW 7KH SUREDELOLW\ RI IDOVH LQIRUPDWLRQ H[FHSWLRQV HWF
LV UDUHO\  ,Q FRQWUDVW WKH ORVV RI F\FOLF JUDSKV LV LPSRUWDQW
%XW ZH FRQVLGHU WKDW WKH FODVV RI DOO DF\FOLF QRQPD[LPDO
JUDSKV LV H[SUHVVLYH HQRXJK WR GHVHUYH DWWHQWLRQ
'HILQLWLRQ  $ UHVWULFWHG VHPDQWLFV LV D IXQFWLRQ S WUDQV
IRUPLQJ DQ\ DF\FOLF QRQPD[LPDOA = 〈A, w,R,S〉 ∈ WAG
LQWR D IXQFWLRQ DegS
A
IURP A WR [0, 1]
%HIRUH SUHVHQWLQJ RXU VHPDQWLFV ZH QHHG WR LQWURGXFH D UH
ODWLRQ EHWZHHQ DUJXPHQWV EDVHG RQ WKH ORQJHVW SDWKV WR UHDFK
WKHP PL[LQJ VXSSRUW DQG DWWDFN DUURZV
'HILQLWLRQ  :HOOIRXQGHG UHODWLRQ /HW A =
〈A, w,R,S〉 EH DQ DF\FOLF %$* DQG a ∈ A $ SDWK WR
a LQA LV D QRQHPSW\ ILQLWH VHTXHQFH a = 〈a1, a2, . . . , an〉 RIHOHPHQWV RI A VXFK WKDW an = a DQG ∀i ∈ {1, 2, . . . , n − 1}
〈ai, ai+1〉 ∈ R ∪ S :H GHQRWH E\ Rel(A) WKH ZHOOIRXQGHGELQDU\ UHODWLRQ ≺ RQ A VXFK WKDW ∀x, y ∈ A x ≺ y LII
max{n | WKHUH H[LVWV D SDWK WR x RI OHQJWK n} < max{n |
WKHUH H[LVWV D SDWK WR y RI OHQJWK n} 6LQFHA LV DF\FOLF WKRVH
PD[LPXP OHQJWKV DUH ZHOOGHILQHG VR LV Rel(A)
:H DUH UHDG\ WR GHILQH WKH (XOHUEDVHG UHVWULFWHG VHPDQ
WLFV 7KH JHQHUDO LGHD LV WR WDNH LQWR DFFRXQW VXSSRUWHUV
DQG DWWDFNHUV LQ DQ H[SRQHQW E RI e WKH (XOHU¶V QXPEHU
0RUH SUHFLVHO\ WKH VWURQJHU RU PRUHQXPHURXV WKH VXSSRUW
HUV WKH JUHDWHU DQG PRUHOLNHO\SRVLWLYH WKDW H[SRQHQW 2EYL
RXVO\ WKH LQYHUVH LV WUXH ZLWK WKH DWWDFNHUV 7KHQ WKH RYHUDOO
VWUHQJWK RI DQ DUJXPHQW a LV QDWXUDOO\ GHILQHG DV w(a)eE  )L
QDOO\ ZH QHHG FHUWDLQ WZHDNLQJ LQFOXGLQJ D GRXEOH SRODULW\
UHYHUVDO WR PDNH RXU IXQFWLRQ D UHVWULFWHG VHPDQWLFV LQ WKH
ILUVW SODFH DQG WR KDYH LW VDWLVI\ DOO RXU D[LRPV
'HILQLWLRQ  :H GHQRWH E\ Ebs WKH UHVWULFWHG VHPDQWLFV VXFK
WKDW IRU DQ\ DF\FOLF QRQPD[LPDOA = 〈A, w,R,S〉 ∈ WAG
Ebs(A) LV WKH IXQFWLRQ f IURP A WR [0, 1] UHFXUVLYHO\ GHILQHG











7KHRUHP  /HW A = 〈A, w,R,S〉 ∈ WAG EH DF\FOLF QRQ


















([DPSOH  &RQVLGHU WKH JUDSK GHSLFWHG LQ )LJXUH  (Y
HU\ FLUFOH FRQWDLQV >DUJXPHQW QDPH@>LQWULQVLF VWUHQJWK@ DQG
EHORZ >RYHUDOO VWUHQJWK@ 7KH QHXWUDOLW\ SULQFLSOH FDQ EH
FKHFNHG ZLWK g DQG e VWDELOLW\ ZLWK d g h DQG j ELYDULDWH
PRQRWRQ\ ZLWK a DQG b ELYDULDWH UHLQIRUFHPHQW ZLWK b DQG c
,PSHUIHFWLRQ ZLWK i 6WULFW )UDQNOLQ ZLWK a ZHDNHQLQJ ZLWK
HJ b DQG VWUHQJWKHQLQJ ZLWK i
1RWH DOVR WKDW EHLQJ VXSSRUWHG E\ D YHU\ VWURQJ DUJXPHQW
GRHV QRW FDXVH D ZHDN DUJXPHQW WR EHFRPH H[WUHPHO\ VWURQJ
ZKLFK VKRZV WKDW Ebs GRHV QRW VXIIHU IURP WKH ELJ MXPS SURE
OHP ,QGHHG DegEbs
A
(i) = 0.22 DQG WKXV WKH MXPS LV QRW ELJ





















)LJXUH  %LSRODU JUDSK
 &RQFOXVLRQ
7KH SDSHU SUHVHQWHG IRU WKH ILUVW WLPH SULQFLSOHV WKDW VHUYH DV
JXLGHOLQHV IRU GHILQLQJ VHPDQWLFV IRU ZHLJKWHG ELSRODU DUJX
PHQWDWLRQ JUDSKV ,W DOVR DQDO\]HG H[LVWLQJ VHPDQWLFV ZLWK
UHJDUG WR WKH SULQFLSOHV 7KH UHVXOWV UHYHDOHG WKDW H[WHQVLRQ
VHPDQWLFV YLRODWH NH\ SULQFLSOHV DQG GR QRW IXOO\ H[SORLW VXS
SRUW UHODWLRQV ([LVWLQJ JUDGXDO VHPDQWLFV VDWLVI\ PRUH EXW
QRW DOO WKH SULQFLSOHV :H SURSRVHG D QRYHO VHPDQWLFV ZKLFK
VDWLVILHV DOO WKH SULQFLSOHV
7KLV ZRUN FDQ EH H[WHQGHG LQ VHYHUDO ZD\V $Q XUJHQW IX
WXUH ZRUN FRQVLVWV RI GHILQLQJ D VHPDQWLFV WKDW VDWLVILHV WKH
SULQFLSOHV ZKLOH GHDOLQJ ZLWK DQ\ W\SRORJ\ RI JUDSKV LQFOXG
LQJ WKXV F\FOLF RQHV $QRWKHU SHUVSHFWLYH FRQVLVWV RI GHILQLQJ
VHPDQWLFV WKDW WDNH VWULFW SUHFHGHQFH WR DWWDFNV RYHU VXSSRUWV
)LQDOO\ QHZ SULQFLSOHV FDQ EH GHILQHG IRU FDSWXULQJ RWKHU IHD
WXUHV RI VHPDQWLFV OLNH WKRVH SURSRVHG YHU\ UHFHQWO\ LQ >%D
URQL HW DO  0RVVDNRZVNL DQG 1HXKDXV @
$FNQRZOHGJPHQWV
7KLV ZRUN ZDV VXSSRUWHG E\ $15%6 DQG $15
/$%;&,0,
5HIHUHQFHV
>$PJRXG DQG %HQ1DLP D@ /HLOD $PJRXG DQG
-RQDWKDQ %HQ1DLP $[LRPDWLF IRXQGDWLRQV RI DFFHSW
DELOLW\ VHPDQWLFV ,Q 3URF RI WKH WK ,QWHUQDWLRQDO
&RQIHUHQFH RQ 3ULQFLSOHV RI .QRZOHGJH 5HSUHVHQWDWLRQ
DQG 5HDVRQLQJ .5 SDJHV ± 
>$PJRXG DQG %HQ1DLP E@ /HLOD $PJRXG DQG
-RQDWKDQ %HQ1DLP (YDOXDWLRQ RI DUJXPHQWV IURP
VXSSRUW UHODWLRQV $[LRPV DQG VHPDQWLFV ,Q 3URF RI
WKH WK ,QWHUQDWLRQDO -RLQW &RQIHUHQFH RQ $UWLILFLDO
,QWHOOLJHQFH ,-&$, SDJHV ± 
>%DURQL HW DO @ 3LHWUR %DURQL 0DUFR 5RPDQR
)UDQFHVFD 7RQL 0DUFR $XULVLFFKLR DQG *LRUJLR %HUWDQ]D
$XWRPDWLF HYDOXDWLRQ RI GHVLJQ DOWHUQDWLYHV ZLWK TXDQ
WLWDWLYH DUJXPHQWDWLRQ $UJXPHQW 	 &RPSXWDWLRQ
± 
>%DURQL HW DO @ 3LHWUR %DURQL $QWRQLR 5DJR DQG
)UDQFHVFD 7RQL +RZ PDQ\ SURSHUWLHV GR ZH QHHG IRU
JUDGXDO DUJXPHQWDWLRQ" ,Q 3URF RI WKH  &RQIHUHQFH
RQ $UWLILFLDO ,QWHOOLJHQFH $$$, 
>%RHOOD HW DO @ *XLGR %RHOOD 'RY 0 *DEED\ /HHQ
GHUW YDQ GHU 7RUUH DQG 6HUHQD 9LOODWD 6XSSRUW LQ DE
VWUDFW DUJXPHQWDWLRQ ,Q 3URF RI &200$ SDJHV ±
 
>%UHZND DQG :ROWUDQ @ *HUKDUG %UHZND DQG 6WHIDQ
:ROWUDQ $EVWUDFW GLDOHFWLFDO IUDPHZRUNV ,Q 3URF RI
WKH ,QWHUQDWLRQDO &RQIHUHQFH RQ 3ULQFLSOHV RI .QRZOHGJH
5HSUHVHQWDWLRQ DQG 5HDVRQLQJ .5 
>&D\URO DQG /DJDVTXLH6FKLH[ D@ &ODXGHWWH &D\URO DQG
0DULH&KULVWLQH /DJDVTXLH6FKLH[ *UDGXDO YDOXDWLRQ IRU
ELSRODU DUJXPHQWDWLRQ IUDPHZRUNV ,Q 3URF RI WKH (X
URSHDQ &RQIHUHQFH RQ 6\PEROLF DQG 4XDQWLWDWLYH $S
SURDFKHV WR 5HDVRQLQJ DQG 8QFHUWDLQW\ (&64$58 SDJHV
± 
>&D\URO DQG /DJDVTXLH6FKLH[ E@ &ODXGHWWH &D\URO DQG
0DULH&KULVWLQH /DJDVTXLH6FKLH[ 2Q WKH DFFHSWDELOLW\ RI
DUJXPHQWV LQ ELSRODU DUJXPHQWDWLRQ IUDPHZRUNV ,Q 3URF
RI WKH (XURSHDQ &RQIHUHQFH RQ 6\PEROLF DQG 4XDQWLWDWLYH
$SSURDFKHV WR 5HDVRQLQJ DQG 8QFHUWDLQW\ (&64$58
SDJHV ± 
>'XQJ @ 3 0 'XQJ 2Q WKH $FFHSWDELOLW\ RI $UJX
PHQWV DQG LWV )XQGDPHQWDO 5ROH LQ 1RQ0RQRWRQLF 5HD
VRQLQJ /RJLF 3URJUDPPLQJ DQG Q3HUVRQ *DPHV $UWLIL
FLDO ,QWHOOLJHQFH ± 
>(YULSLGRX DQG 7RQL @ 9DOHQWLQRV (YULSLGRX DQG
)UDQFHVFD 7RQL 4XDHVWLRLWFRP D VRFLDO LQWHOOL
JHQW GHEDWLQJ SODWIRUP -RXUQDO RI 'HFLVLRQ 6\VWHPV
± 
>0RVVDNRZVNL DQG 1HXKDXV @ 7LOO 0RVVDNRZVNL DQG
)DELDQ 1HXKDXV %LSRODU ZHLJKWHG DUJXPHQWDWLRQ JUDSKV
&R55 DEV 
>1RXLRXD DQG 5LVFK @ )DULG 1RXLRXD DQG 9LQFHQW
5LVFK %LSRODU DUJXPHQWDWLRQ IUDPHZRUNV ZLWK VSHFLDO
L]HG VXSSRUWV ,Q 3URF RI WKH ,QW &RQIHUHQFH RQ 7RROV
ZLWK $UWLILFLDO ,QWHOOLJHQFH ,&7$, SDJHV ± 
>2UHQ DQG 1RUPDQ @ 1LU 2UHQ DQG 7LPRWK\ 1RUPDQ
6HPDQWLFV IRU HYLGHQFHEDVHG DUJXPHQWDWLRQ ,Q 3URF RI
WKH ,QWHUQDWLRQDO &RQIHUHQFH RQ &RPSXWDWLRQDO 0RGHOV RI
$UJXPHQW &200$ SDJHV ± 
>3D]LHQ]D HW DO @ $QGUHD 3D]LHQ]D 6WHIDQR )HULOOL DQG
)ORULDQD (VSRVLWR 2Q WKH JUDGXDO DFFHSWDELOLW\ RI DUJX
PHQWV LQ ELSRODU ZHLJKWHG DUJXPHQWDWLRQ IUDPHZRUNV ZLWK
GHJUHHV RI WUXVW ,Q 3URFHHGLQJV RI WKH UG ,QWHUQDWLRQDO
6\PSRVLXP RQ )RXQGDWLRQV RI ,QWHOOLJHQW 6\VWHPV ,60,6
SDJHV ± 
>5DJR HW DO @ $QWRQLR 5DJR )UDQFHVFD 7RQL 0DUFR
$XULVLFFKLR DQG 3LHWUR %DURQL 'LVFRQWLQXLW\IUHH GHFL
VLRQ VXSSRUW ZLWK TXDQWLWDWLYH DUJXPHQWDWLRQ GHEDWHV ,Q
3URF RI WKH WK ,QWHUQDWLRQDO &RQIHUHQFH RQ 3ULQFLSOHV
RI .QRZOHGJH 5HSUHVHQWDWLRQ DQG 5HDVRQLQJ .5 SDJHV
± 
